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DAO BONG CUA DAM CO' TiNH BIEN THIEN HAI CHIEU
CO LO RONG VI MO CHIU LY'C DI DONG

TS. LE THI HA
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Tém tét: Bai bao nghién ctru dao déng cda dédm
co tinh bién thién hai chiéu (2D-FGM) c6 16 réng vi
mé chju lwc di déng bang ly thuyét ddm béac cao.
Tinh chét vét liéu duoc gia thiét thay déi theo chiéu
cao va chiéu dai ddm bang quy luat ham sé ldy
thira. S dung phuwong phép phén t& hiu han,
phuong tinh chuyén dong cho dém duwoc thiét 1ap
dwéi dang roi rac, tir do tinh toén céc tham sé dao
déng cua ddm. Cong thirc phén td hitu han thiét 14p
trong bai béo duwoc so sanh va kiém chung véi két
qué da cong bé. Ngoai ra, dnh huéng clda cac tham
sd 16 réng, tham sé phan bd vét liéu dén dic tinh
dao déng cla dédm duwoc nghién ciu va thdo ludn
chi tiét trong bai béo.

T khoa: ddm c6 co tinh bién thién hai chiéu, ly
thuyét bién dang truot béc cao, dao déng tw do,
phuong phap phén t hivu han.

Abstract: This paper studies the vibration of a bi-
directional functionally graded (FG) porous beams
under of a moving load, based on a high-order
shear deformation theory. The material properties of
a bidirectional FG porous beam are assumed vary in
both axial and thickness directions according to a
power law. The finite element method is used to
discretize the model and to compute the vibration
characteristics of the beams. The accuracy of the
derived formulation is confirmed by comparing the
results with the published data. A
parametric study in carry out to show the effects of

obtained

the porous parameter, material distribution on the
vibration of the beams are examined and discussed.

Keywords: A bidirectional functionally graded
material, a high-order shear deformation theory,
porous, free vibration, finite element method.

1. Dat van dé

Vat liéu co co tinh bién thién (FGM) la vat liéu
composite dwoc tao thanh tir hai vat liéu thanh phan
v&i ty 1& thé tich thay di theo mét hay nhiéu hwéng
khéng gian nao d6. Két cAu dam dwoc lam t FGM

10

don hwéng, tirc 1a cac tinh chat vat liéu chi thay dbi
theo moét huwéng khéng gian, chiéu cao hodc chiéu
dai coa dam. Trong thuc té, két cAdu FGM don
hwéng khong téi wu khi chiu tac ddng déng thoi cla
cac tai trong co, nhiét theo cac hwédng khac nhau.
Viéc phat trién cac vat liéu cé co tinh bién déi theo
nhiéu hwéng khac nhau 1a nhu cau thuc té va cd y
nghia khoa hoc. Nghién ctru &rng x&* co hoc cua
dam c¢6 co tinh bién thién hai chiéu (2D-FGM) da
dwoc moét sb tac gid quan tAm trong thdi gian gan
day.

St dung céc da thirc dé& xap xi trwérng chuyén
vi, Simsek [1] nghién ctru dao déng cudng birc clia
dam 2D-FGM chju tai trong di ddng vé&i tinh chat vat
liéu bién thién theo quy luat ham sé md. Tac gia chi
ra rdng sw phan bé tng suét trong ddm 2D-FGM
khac xa so v&i ddm 1D-FGM hay dam thuan nhét.
S dung phwong phap Ritz, Simsek [2] thu nhan
dworc lwe téi han cho dadm Timoshenko 2D-FGM cé
co tinh bién d6i theo quy luat ham sé ldy thwa.
Phuwong phap giai tich cling dwoc Pydah va Sabale
[3] st dung trong phan tich udn ctia ddm FGM tron
v&i cac tinh chat vat liéu thay ddi theo quy luat ham
s6 mii theo hwéng tiép tuyén va quy luat ham sbé ldy
thira theo hwdng ban kinh cta ddm. Karamanli [4]
két hop ly thuyét bién dang trwot twa 3D Véi
phwong phap thiy dong lwc hoc cac hat tron ddi
xtrng, dé nghién ctru rng x& udn ctia dam sandwich
2D-FGM Vvo&i céc gia tri khac nhau cla ty sb gitra
chiéu dai va chiéu cao dam. Phwong phap cau
phwong vi phan cling dwoc Tang va céng sy [5]
dung trong nghién ctu dao déng tw do phi tuyén
cla dadm 2D-FGM, co tinh bién dbi theo chiéu cao
bang quy luat ham sb Iy thira, chiéu dai bang quy
luat ham sd mdi.

Trong nwéc, nghién ciu cho dam cé co tinh
bién thién hai chiéu (2D-FGM) van con it tAc gia
quan tam. Bang phuong phap phan t& hiru han,
Nguy&n Pinh Kién va céng sw [6; 7] nghién ctu
tham sb tan sb, tham sé dé véng cho dam 2D- FGM
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chiu lwc di dong. Anh hwéng cta tham sbé vat liéu,
kich thwéc dam tdi tham sé tan sé dwoc nghién ciu
chi tiét. L& Thi Ha [8] phan tich déng lwc hoc cho
dam sandwich 3 16p, 1&p trén cung dwoc ciu tao tiy
vat liéu 2D-FGM chiu lyc diéu hoa di dong.

Theo hiéu biét cha tac gid, cac céng bd trong
va ngoai nwéc mai nghién clru cho dam cé co tinh
bién thién hai chiéu hoan hao. Tuy nhién, déi v&i
dam c6 co tinh bién thién mét chiéu c6 16 réng vi mo
da dwgc Wattanasakulpong [9] nghién ctru. Trong
bai bao nay, tac gid nghién ctru dao dong cta dam
gian don chiu lwc di dong, dam dwoc lam tw vat liéu
c6 co tinh bién thién hai chiéu khéng hoan héo do
c6 16 réng vi md. Anh huéng cha tham sé 16 réng,

tham sé vat lieu dén tham sé tan sé ctia ddm dwoc
nghién ctru chi tiét trong bai bao.
2. Phwong trinh vi phan chuyén dong cho dam
Hinh 1 minh hoa dam gidn don dwoc lam tw
vat lieu 2D-FGM c6 16 réng vi md, c6 chiéu dai L,
chiéu réng b, chiéu cao h, F 1a lwc di dong trén dam.
Dam 2D-FGM dwoc tao tir hai vat liéu thanh phan:
gdm va kim loai, v&i ty |é thé tich thay ddi theo chiéu
cao va chiéu dai ddm bang quy luat ham sé Iy
thra. Theo Karamanli [4], mat day cGa dam hoan
toan 1a kim loai (0< X< L, z=-h/2), gbc tréi cha
dam (x=0, z=h/2) 1a gébm va goc bén phai ciia dam
(x=L, z=h/2) bao gdbm ca gém va kim loai. Nhw vay,
vat liéu ctia ddm thay di theo ca chiéu cao va chiéu
dai dam va dwoc viét dwdi dang:

\2 ) ]
.................................................................. h/2
E E(x O
ol & x2) X O
................................................................ (00
Em Em
-h/2
Hinh 1. M6 hinh ddm xép ¢é co tinh bién thién hai chiéu (2D-FGM)
V.(x,2)= - X 1+E ; V(X 2)+V, (X, 2) =1;
2L 2 h
) " 1)
—-—<z<—; 0<x<L

T cong thire (1), Ve, Vm tong &ng 1a thé tich
cda vat lieu gbm va kim loai; m, n lan lwot 1a tham
sb vat liéu bién ddi theo chiéu dai va chiéu cao dam.

Do do6, tinh chat hiéu dung ctia dam 2D-FGM c6 16
réng vi md duoc viét theo Wattanasakulpong [9]
nhw sau:

h

m n Vv
P(X’Z):(PC_Pm)(l_z_):_j (%+£j + m_?p(l:)(:+Pm) (2)

Trong cong thee (2), P, P, twong ¢ng la
tinh chat hiéu dung cuta vat liéu gém va kim
loai, Vp la tham sb 16 rébng cda vat liéu. T

E(x,z)=<Ec—Em)(

p(x2)=(p, —pm)(l

T cbng thirc (3), Ec, Em, pc, pm twvong ng la
mo dun dan héi, mat do khéi ciia gém va kim loai.
Theo ly thuyét dam bac cao cda Shi (1999),
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cong thirc (2), md dun dan héi Young E(x,z),
mat d6 khdi p (x,z) cia dam viét dwéi dang
sau:

m n V
1—1J (L Z) +Ey -2 (E+Ey)

2L) (2 h
m n )
_L l+£ + _\i( + )
oL > P 2 Pc T P

chuyén vi doc truc u va chuyén vi ngang w tai
diém bét ky trén dam biéu dién dwéi dang nhw
sau:
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u(x,z,t) = Uy (x,1) + (¥, — Wy ) — 22y,

(4)

W(X,z,t) = Wy (x,1),

V&i uo, Wo twong &ng la thanh phan chuyén
vi doc truc va chuyén vi ngang tai mot diém trén
mat gitra dam; o = 4/3 hZ; yo la géc trwot ngang.

Theo ly thuyét bién dang nhd, cac thanh phan
bién dang doc truc va bién dang treot (exx, yxz) €O
dang:

3
E = uO,x +1Z (70,x _WO,xx ) —al 7/0,x

2
Vxe 27/0—3052 Yo
Theo dinh luat Hooke, (rng suét doc truc va (rng suét truot clia dam co dang:

®)

o = E(X,2).6,, = E(X, Z)[uo,x + Z(7o,x _Wo,xx) _a2370,x]

sz = G(X’ Z)yxz -

Trong cbng thwc (6), E(x.z) va G(x.z)
twong &ng la md dun dan héi va mé dun
trvot; oxx va txz 1an lwot 1a &ng suét doc truc

U= EJL' A&lug,x +2A,U,, (70,x _WO,xx) +A, (7/0,x _Wo,xx)2 — 27Uy, 4 dx
23 _ZaAzm?/o,x (7o,x _Wo,xx) +052A567§,x + B447§

_E(x2)
2(1+v)

[70_3052270] ©

va ng suat trwot. Nang lwong bién dang cho
dam nhan dwoc tlr cac céng thirc (5), (6) c6
dang:

@)

Trong cong thirc (7), A1y, A1z, A2z, Ass, Aas, Ass va Bas tong teng la cac d6 cirng clia dam va ching

dwoc biéu dién nhw sau:

(Aus Ags A A Ay A0 2) = [E( D)L 2,2%, 2%, 2%, 2°)dA

A

8)

B,,(X,2) = j G(x,2)(L-6az% +9a’z*)dA

A

T trwérng chuyén vi (4), ta c6 thé viét biéu thirc dong néng clia ddm dwéi dang:

2

T _EJL' |11(L]§ +W§)+ |22(70 _Wo,x)2 +a2|667g +2|12L]0(}?0 _Wo,x)

) —2al,\,7, —2al 7, (7,

dx 9)
- Wo,x)

Tw cong thire (9) cac thanh phan i, li2, l22, la4, las, les twong ng la cac momen khéi lwgng dwoc tinh

b&i cong thirc sau:

(i b Voo Lo L Neg)(%,2) = [ (X, 2) (4,2, 2%,2°, 2°, 2°)dA (10)
A

Thé nang clia lwc di dong trén dam dwoc viét
nhw sau:

V =—Fw(x)S5(x—vt;) (11)

Tw cong thire (11), 8(.) 1a ham Dirac delta, thé
hién vi tri ma lwc tac dung Ién dam, v |a van téc cla
Iwc di déng, ti thdi gian lwe di dong.

Ap dung phuong phap phan t& hivu han, chia dam
thanh nhiéu phan tt, mdi phan t& cé hai nat va méi
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nut c6 4 chuyén vi, chiéu dai cia mot phan to 1a |, véc
to' chuyén vi nit d ctia mét phan t&r dAm c6 dang:

T
d:{uiivvirvvi,x!yi’uj’Wj’ijx’}/j} (12)

Trong cbng thire (12),
Uy W, W 74, U W, WL 7 lan lwot 1a cac gid tri
cda Uy, Wy, Wy, 7, & nativa nitj. Chi sé trén “T”
ky hiéu la chuyén vi ctia véc to hodc ma tran. Cac
chuyén vi doc truc, chuyén vi theo phwong ngang
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va goc xoay clia méi nat trong mot phan t& dam noi
suy theo cbng thirc:
U, = N,d;w, =N,d; » =N.d (13)
Twr cbng thire (13), Nu, Nw, Ny tvong tng la cac
ma tran ham dang cho céac chuyén vi doc truc, theo
phwong ngang va goéc xoay ctia mdi nit. Trong bai
bao nay, st dung ham Hermite cho Nw, st dung cac
ham dang tuyén tinh cho Ny, N,. Biéu thérc néng
lwong bién dang dan hdi tr cong thire (7), viét dwdi
dang cong thirc phan t& hivu han nhw:

|
kll = J. NJ,XAilNu,de;
0

U= %Zdid (14)

T cong thire (14), ky hiéu ne 1a tdng sbé phan
tr cia dam; k l1a ma tran d6 cieng cdia phan t& dam
va viét dwéi dang:

K = K11 + ka2 + k22 + Kaa + Kaa + Kes + ks~ (15)

Trong cong thirc (15), cac ma tran kai, kiz, ka2,
k34, kas, Kes, ks dwge tinh theo cdng thirc sau:

|
k12 = 2J. NJ,XAIZ(Ny,x - Nw,xx)dX;
0

| |
k22 - J‘(N%X B NW*XX)T AZZ(N}’,X - Nw,xx)dX; k34 = —20{.[ NuT,xA34N7,de; (16)
° 0

| | |
k44 = —Z(ZJ' N;,XAAA(N;/,X B Nw,xx)dX; k66 = az_[ N}-’r,XAﬁﬁN}’,XdX; kS - I N}-’rB44N7dX
0 0 0

Twong tw, biéu thire ddng nang ctia ddm theo cong thire (9), viét dwdi dang céng thire phan té hivu han

nhw sau:

1 _
:EZd md (17)
Trong céng thire (17), m ma tran khéi lwong, dwoc viét:
M = M1 + M2 + M22 + M34 + Maa + Mes (18)
va
| |
my, = [(NJ+ND s (N, + N, Jdx; my, =2[NT1, (N, =N, )dx;
0 0
| . |
. T .
= [0, N ) M- 2aNILNGG
0 0
| |
My, ==2a[NJ, 1, (N, =N, a6 mg=a [N]IN dx;
0 0

Bd qua anh hwéng can cua vat lieu dam,
phwong trinh chuyén déng cho dam 2D-FGM c6 16
réng vi md cé thé viét dwdi dang ngdn ngir phan t
hlru han nhuw sau:

MD +KD =F* (20)

Trong codng thirc (20), M, K twong rng la ma
tran khéi lwong va ma tran doé cing téng thé cla
ddm 2D-FGM; D 1a vecto chuyén vi nut téng thé
cho dam 2D-FGM, Fe* |3 véc to lwc ngoai tdng
thé. Ap dung phwong phap tich phan truc tiép
Newmark dé& gidi phwong trinh (20), ta dwoc
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tham sb d6 véng ciing nhw tham sé dong luwc hoc
cho dam.

3. Kétquaso

Cho dam 2D-FGM véi ti s gitra chiéu dai va
chiéu cao dam la L/h = 20, dam lam tw hai vat liéu
thanh phan: St oxit (Fe203) va sat (Fe). CAc tinh
chét vat liéu cia dam 2D-FGM s dung tinh toan
trong bai bao: S&t oxit (Fe20s3): Ec=390 (GPa),
pc=3960 (kg/m?3), v = 0,3. S&t (Fe): Em= 210 (GPa),
pm = 7800 (kg/m?3). Pé thuan tién cho viéc tho luan
két qua tinh toan sé, tham sé d6 vong, fo, cho dam
2D-FGM chuén hoa theo cong thirc:
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W,

fy = maX[M];

st

R
¥ 48E, |

(21)

Trong d6, wst 1a dd véng tinh cGia dam kim loai chiu tac dung lwc F tai gitra dam.

Bang 1. Két qua so sanh tham sé tdn sé co ban véi Wattanasakulpong [9] (Vp =0.2; m=0)

L/h=5 L/h=10 L/h=20
n Bai bao [9] Bai bao [9] Bai bao [9]
0.2 1.9628 1.9205 1.1173 1.1092 0.5812 0.5797
0.5 1.7799 1.7402 1.0049 0.9956 0.5212 0.5186
1 1.5555 1.5210 0.8712 0.8606 0.4507 0.4465
1.3047 1.2815 0.7299 0.7193 0.3775 0.3722
1.0777 1.0933 0.6257 0.6229 0.3281 0.3241

Pé kiém tra do tin cay cla chwong trinh tinh
toan va cac cong thtrc phan t& hiru han thiét 1ap
duoc, bai bao so sanh tham sé tan s cla dam voi
két qué Wattanasakulpong [9]. Khi so sanh vé&i két
qua cla Wattanasakulpong [9], bai bé&o 14y sb liéu
va cdng thire tinh xac dinh tham sb tan sé theo tai
liéu [9]. Bang 1 minh hoa tham sb tan sb co ban
ctia ddm FGM khi cho 5 gia tri tham sé vat liéu bién
ddi theo chiéu cao dam n, tham sé 16 réng cua vat

liéu Vp = 0.2; tham sb vat liéu bién ddi theo chiéu
doc m = 0, v&i ba trwéng hop cda ti s L/h. Nhin
vao bang, ta thay két qua clia bai béo tinh tham sb
tan sb co ban cho nadm gia trj cta tham sb vat liéu
phan bd theo chiéu cao dam n, sat véi két qua da
coéng bd chia Wattanasakulpong [9]. Nhw vay, céng
thire phén tr hiru han, chwong trinh tinh ma tran do
clng va ma tran khéi lwong do bai bao xay dwng c6
do tin cay.

Bang 2. So sanh tham sé déng luc hoc, fo, véi Simsek va Kocatiirk [11] (Vo = 0, m = 0)

n fo- [11] fo-bai béo v(m/s)-[11] v(m/s)- bai béo
0.2 1.0344 1.0401 222 220
0.5 1.1444 1.1504 198 196
1 1.2503 1.2569 179 177
2 1.3376 1.3451 164 163
Dam gém 0.9328 0.9379 252 250
Dam kim loai 1.7324 1.7418 132 130

Bang 2 so sanh tham sé do véng ctia dam voi
tham sé d6 vong cua tac gid Simsek va Kocatiirk,
khi cho mét vai gia tri cia tham sé vat liéu theo
chiéu cao dam. Céc sb liéu va cong thirc tinh dugc
lay trong tai liéu Simsek va Kocatiirk [11]. Nhin vao
bang 2, két qua cla bai béo tinh toan dwoc gan voi
két qua da cong bd [11]. Do d6, chwong trinh tinh
cho tham sb dd véng dong ma bai bao thiét lap
dworc la dang tin cay.

Hinh 2 chi ra d6 véng déng tai gitra dam khi cho
ba gia tri van téc cla lwc di dong (v = 20 m/s; v = 60
m/s; v =100 m/s, véi tham sb 16 réng Vp = 0.2. Trong
bén trwong hop trén hinh v&, khi van téc cé xu
hwéng tang Ién tlr 20 dén 100 m/s thi d6 véng dong
I&n nhét tai gitra ddm ciing tang dan. D&c biét, khi
van téc lwc di déong v = 60 m/s thi dam thyc hién
nhiéu dao déng hon so véi hai van téc v = 20 m/s va
v = 100 m/s. Hinh v& minh hoa dd véng déng tai gitra
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dam cho hai trwéng hop, vat liéu trong ddm phan bd
theo chiéu cao (n=3, m=0), va chiéu doc (n =0, m =
3). T& hinh vé&, d6 véng dam phan bb theo chiéu dai
thAp hon d6 véng dam theo chiéu cao, diéu d6 thé
hién dam c6 vat liéu phan bd theo chiéu dai cing
hon dam c6 vat liéu phan bd theo chiéu cao. Hinh 3
minh hoa méi quan hé gitra tham sé dd véng, fo, va
tdc d6 cla lwe di ddng khi cho bén gia tri ctia tham sé
vat liéu, véi tham sé 16 réng Vp = 0.1. Hai hinh vé mo
ta tham sé d6 véng cho hai trwong hop: khi ¢b dinh
tham sé vat liéu theo chiéu cao thi tham sb vat liéu
theo chiéu doc dam thay ddi va nguwoc lai. Khi tham
sb vat liéu ting dan thi tham sé dd véng ciing tang
lén cho ca hai trwéng hop. Van téc luc di dong thay
ddi tr 1 dén dwai 100 m/s, tham sb d6 véng ctia dam
luc tang lic gidm. Mat khac, khi tham sé van tbc lwc
di dong tr 100 dén 300 m/s, tham sé dd véng c6 xu
hwéng tang dan 1én dén mét gia tri cwc dai, sau d6 lai
¢6 xu hwéng gidm dan.
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Hinh 2. Méi quan hé gidra d6 vang tai gicra dam va théi gian luc di dong trén dam khi cho
ba gia trj cda véan téc lue di déng (L/h = 20, Vp=0.2)
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Hinh 3. Méi quan hé gidra tham sé d6 v6ng dong va van téc cia lurc di dong trén dam
khi cho m¢t vai gia trj cda tham sé vét liéu (L/h = 20, Vp = 0.1)
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Hinh 4. Méi quan hé gicra tham sé d6 v6ng dong va van téc cia luc di dong trén dam
khi cho mét vai gia trj cda tham sé 16 rong (L/h = 20)

Hinh 4 1a mét bire tranh md phéng tham sé dd
vong va tbéc dé cla lwc di dong khi cho bbn gia tri
ctia tham sb 16 réng, véi hai gia tri ciia tham sé vat
lieu (n=m=0.5; n=m=1). Nhin vao hinh vé, v&i sy
tang nhe cuta tham sé 16 réng thi tham sb d6 véng
ciing tdng dan I&én. Nhw vay, véi sw tdng cta tham
sb 16 rédng thi ddng nghia v&i viéc dam cé xu hwéng
yéu dan di cho du tham sb vat liéu cé tang Ién.

4. Két luan

Bai bao da phan tich dao déng dam 2D- FGM
c6 16 réng vi mo bang ly thuyét dam bac cao cla Shi
[10]. S& dung phwong phap phan t& hitu han, cong
thirc phan t& hiru han va phwong trinh chuyén dong
cho ddm 2D-FGM c6 16 réng vi moé da dwoc thiét
lap. Dwéi sy hd tro cla phan mém Maple va
Matlap, anh huéng ctia cac tham sb vat liéu bién
ddi theo chiéu cao va theo chiéu dai dam (n, m),
tham s6 16 réng (Vp) dén tham sb d6 véng va do
vong dong tai gitra dam dwoc tinh toan va minh hoa
chi tiét qua hinh vé. Tham sé vat liéu (n, m) déng vai
trd quan trong trong phan tich dao déng cGa dam
2D-FGM ¢4 16 réng vi mé, khi tham sb vat liéu (n, m)
c6 xu huéng tdng dan thi tham sb dd véng clia dam
2D-FGM ciing tang lén. Ngoai ra, tham sb 16 réng Vp
c6 anh hwéng nhiéu dén tham sé tan sé cta dam,
khi tham sb 16 réng téng lén thi tham sb d6 véng
cling ¢6 xu hwéng tang dan. Diéu nay thé hién rd
nét trén hinh vé (hinh 4).
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