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_ PHUONG PHAP PHAN TU HO'U HAN TRONG
TiNH TOAN NOI LU'C HE KHUNG VOM CYCLOID PHANG

ThS. LAM THANH QUANG KHAI
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Tom tét: Viéc s dung mé hinh phéan to hitu han
trong tinh toan hé két cdu khung (cét va dém ngang)
da tré nén kha don gian trong viéc tinh toan néi lurc
va chuyén vi cia hé. Tuy nhién déi véi hé khung
vom (ct va vom) thi tré nén phirc tap do viéc phai
X8y dwng ma tréan do cutrng cho vom. Tuy thudc vao
vom dang xét la vom tron, vom parabol, vom
cycloid,... ma ta c6 ma trén do cirng khéac nhau.
Trong bai bao nay tac gia da xay dung ma trén do
cting cho phén tir vom cycloid tir phuong trinh trang
théi tai 2 ddu cda thanh cong va la co sé& dé xay
dwng ma trén do ctrng cho cac loai vom cong khac.
Dung phuong phép phén td hitu han dé tinh néi luc
cho hé khung vom cycloid phang chiu tai trong tinh.

Tw khoa: Vom cycloid, két cau khung, ma tran
dé cirng, thanh cong.

Abstract: Using the finite element modelling in
the frame analysis (column and beam) is much easy
normally. But use the “exact” finite element method
in the curve system (column and arch) possibly be
more complicated due to establishment of the
stiffness matrix for the curve (arches) elements.
Depending on the arch is considering: the circular
arch, parabolic arch, cycloid arch... but have
different stiffness matrix. In this paper the authors
have built stiffness matrix for cycloid arch element.
Using finite element method for calculating flat

cycloid arch by static loads.

Key words: cycloid arch, frame structure,

stiffness matrix, curved bar.
1. Dat van dé

Két ciu thanh cong ngay cang dwoc s dung
réng réi trong nhiéu nganh: tlr nganh xay dwng dan
dung nhw: nhiPng mai vom clia cac cdng chao, vom
cubn trong cac cong trinh van héa nghé thuat, cung
dién, nha tho,... dén cac nganh giao théng nhu: cac
loai cau vom, cau dan trong cac cang hang khong,
bén tau hoac ciu vuwot trén can, ...

10

Trong tinh toan thanh cong bang phuwong phap
phan t& hiru han, ta thwéng chia thanh cong thanh
cac doan thang gay khuc. T4t nhién khi chia thanh
cong thanh cac doan thdng gay khuc thi dan dén do
chinh xac han ché do phu thudc vao sb doan chia.
Mat khac khi st dung phwong trinh giadi tich cua truc
cong dé tinh thanh cong thi hau nhu khic phuc
duoc nhwoc diém d6. Phuong phap nay dugc cb
GS.TSKH. Nguyén Tram d& xuét trong luan an tién
si khoa hoc tai Lién X6 (cd) [5] va dwoc tac gia
nghién ctru va tiép tuc phat trién phwong phap nay
dé tinh toan ndi lwc va chuyén vi cho cac hé khung
vom phang khac nhau. Méc du d6 chinh xac vé mat
ly thuyét cia phwong phap cao nhung chuwa dugc
quan tdm dung mutrc cling nhw kha phwc tap trong
tinh toan. Ngoai ra, khi st dung phan t& cong thi s6
phan t&r sé it hon so v&i phan tlr “thanh-dam” théng
thwdng, nhwng véi téc dd phat trién manh cla phan
clrng may tinh ngay nay thi van dé chia nhiéu phan
t&r khi str dung phan t&r théong thworng dé dang dwoc
gidi quyét do s mé& rong vwot bac cia bd nhé
trong va bd nhé ngoai so véi thap nién 80-90 cla
thé ky truéc. Vi thé phan t& cong hau nhu khong sty
dung trong cac chuwong trinh phan t&r hiru han
thwong mai. Mac du vay, vé mét ly thuyét viéc xay
dung ma tran dd clrng cla cac phan tlr cong con
kha xa la déi v&i cac k§ sw, chuyén gia trong Iinh
vuc phan t& hitu han va phwong phap sé. Do d6,
van dé& nghién clru nay co6 y nghia khoa hoc va thuc
tién nhét dinh.

Vi vay & day tac gia da két hop viéc st dung
phwong trinh gii tich cta truc cong dé tinh ma tran
dd cirng cho vom, tr d6 dung phwong phap phan tr
htru han dé tinh ndi lwc cho hé khung vom cycloid.

2. N6i dung nghién ctru

Goi vecto bao gbm cac thanh phan lyc va
chuyén vj cua tiét dién 1a vecto {(s} goi 13 vecto trang
thai trong tiét dién. Nhw vay trong khéng gian 3
chidu vecto {¢} nay sé co tat ca 12 thanh phan
[1][4], do Ia:
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Ey=lupf-lv o M Pl =luwu o, .0 M. M_P.PJ

Trong d6: u_,u,,u_: cac thanh phan cla vecto chuyén vi thang; @, ,®, , @, : cac thanh phan clia vecto
chuyén vj xoay; M, M, M_: cacthanh phan cla vecto md men; P,, P, P : cac thanh phan cla vecto lyc;
@t : vecto chuyén vij tong quat; @ : vecto lwc tong quat hodc tai trong ngoai.

Hinh 1. Phén ti& vom téng quét

Du6i dang ma tran, ta ¢ cac thanh phan trang thai tai dau 2 so véi tai dau 1 cla thanh cong:

M, 100 0 (ZZ_ZI) _(yz _yl) M,
M, 0 1 0 —(Zz—zl) 0 (xz—xl) M,
M. __ 0 0 1 (yz_yl) _(xz_xl) 0 M, 1)
P 0 0O 1 0 0 P
Py 0 0 0 0 1 0 R
P 5 10 0 0 0 0 1 | P .
Dé don gian (1), ta dung dang ma tran chia khbi:

{21y -4

0 (22_21) _(yZ_yl)
Trong do: [An]: —(22 - 21) 0 (x2 —xl)

(yz_yl) _(xz_xl) 0
1;, 0,: ma trén don vi va ma trén khong c¢o kich thwéc 3x3

T
Tuong ty ta co: {@,}= {(U; } = Ll; ’?2‘ Hg‘ } + {Z"d} = [041‘; ]{d{l}+ lu,,}
2 3 3 1 bd

Cubi cung ta dwgc phwong trinh trang thai tai 2 dau thanh cong bét ky:
{fu} ] [ ] [mdaden]” {w}

e 0 et ”
Hay: Jl‘gj } = [Tij J{&.}

~ed-{o} -5 7o} ke @
o 73 N P 1 VA P8 1y IR o O

Trong dé: T: ma tran dac trwng cho phén ti cong; &, , &, vec to trang thai tai dauivaj.
.. T,,T,, T, :matran chia khi

27 up ? T pu?’
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D, T—TT‘T TT

J up = uu up

o D, -T'T, ' ||
Sau khi bién dbi (2) ta dworc: {/)/} { o » H }

R . oz k, k
Tom lai ta c6 ma tran d6 ciing K clia phan tir vom sau khi bién déi: K, = {k” k”} (3)
21 22

Trong do:
e J=-[1, [ ]= Lt 1] et Jet = fea ) 2] sl
[k.] _[ ppl T ]_*[d I(/‘ ]I [5] dS["‘jT]: —I, ]J. [3]"ds [(/‘;T]
[k.,]= [ } =[et, ]I [#] ds[‘ﬁ ]
] =11, )-[1,, I, T, 1= <l I ] = e, [ ] sl

2.1 Phan t&r vom phang

Cong thirc (3) 1a cong thire tinh ma tran dé clrng cta phan t&r vom khong gian. Con vom phang co truc
nam trong mét phéng toa dd Oxy nén trong bai toan phang mét sé thanh phan trong vecto trang thai sé béng
khong, do d6 ma tran sé gidm kich thwéc tir 12x12 xubng 6x6.

Cac vecto {p} va {@} mdivecto chi con 3 thanh phan:

-m. B P} fuy=le, u, o]

Trong d6: cac thanh phan P, M, M,, u,, o, o, khdng co, do do cac hang va cft twong trng trong
cac ma tran dac trwng co thé loai bd.

z

1 yl _‘xi
Ma tran dang [e#,]=|0 1 0 :B f’} voi [4]=[y, -x]  (i=1+2)
0 0 1 z
1 (J’z_)ﬁ) —(xz—xl) T
ez]=l0 1 0 {16 /11”} VGi [A]z]:{y2 yl}
2

X, — X
0 0 1 b
cosx'x cosy'x
| ot S )]
cosx'y cosy'y
cosx'x cosy'x 0
, . H,
Do do: [76 ]: =|cosx'y cosy'y 0
0 H,
0 0 cosz'z
, , dx
cos xx =cos y'y =
ds
Py .. . o _dy
Mat khac ta cé: —cos yx =cosx'y =—
s
cosz’z=1

Ma tran [76"] c6 thé biéu dién thong qua dao ham ', = % va = %
xX's =V
[75*]: Yy xg O
0 0 1
Do ma trén [76] la ma tran vuéng phan xrng nén cé tinh chét sau:
s Vs O
[HPT1 =[HP]T va [H,]'=[H,T :[%*]»1:[%,]7: -y Xy 0
0 0 1
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1

- 0 1 2
_ _|= (dsf
by 52| o[

12EI.
12E1,
| () ws
R R I TS A 1A T8 S
EL, Xs-Ys (y s)
EA EA
1
[mM1=[HM][MM1HMr:[E—J [mM][A]{E% ﬂ
Céac ma tran con clia [8] c6 dang:
i o
[4F [, )=| ([, [4]=| B EL
X LA
El, EI. EI

(of | 07 Xoys o
U, Jo (AT [y Ja)=| B4 EL B4 EL
Yoy's o W) 6
EA El, EA El
R S N G ST U
El EA EI, EA El,

] (] )2 2
Ghép vao, ta dwgc ma tran [2]: [8]=|-—X Zs¥s W b, x> (4)
EI. EA EI. EA  EL
1 > X
El EIL El

2.2 Phén tir dam chiu uén

Dé& kiém tra do chinh xac viéc xay dwng ma tran do cirng cho phan tlr vom phang, ta st dung ma tran do
phan t&r vom phang nay dé tinh ma tran d6 clrng cho phan t&r thanh thdng ma ta da biét ma tran doé cing.

Xét phan tir thang (hinh 2), phan tt c6 2 bac tw do & méi dau.

Hinh 2. Phén tirthanh thdng

a a
1 - -5 T -1 -
Ta Cé : T;m = ¢ 7—;, :i 2 6 T = i a
0 1 v EI 0 a w o EIl0 -a
2
Vay ma tran d6 cirng K clia phan t&r thanh thang:
B 6EI B 2FEI 6E1 B 4E]
2 2
_ -l a a _ -l _ a a
ki =T, = 12E1 6E1 ki =1, T, B 12EI  6EI
a3 a2 a3 a2
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6E] 4E] 6E] 2EI
_ -1 _ B a2 B a _ _ a B a
b =T,y Ly = 12E1 6E] by =~k Ty = 12E7 6E1
T3 T2 3 T2
a a a a
3, 3
a a
6 3 6 3
=K :_ZE] §12 a a; a (5)
a1z -1 == 2
a a
6 3 6 3
L a’ a a’ a
=> Hoan toan giébng trong cac tai lieu da xuat Sau khi ta x8y dyng dwoc ma tran [@] cling

ban. Do ma tran d6 cing cla phan tlr thanh thdng  nhw ma tran dé cirng cho phan tlr vom phang. Ta
dwoc suy ra tir ma tran d6 cling clia phan tir vdm  xay dwng ma tran dd clrng cho vom cycloid.

phang da lap. Ma ma tran do cling cta phan tir Xét hé khung phang co6 thanh trén dang vom

cycloid, vém c6 truc nam trong mat phang toa do
oxy, chan ¢t dirng clia khung bi ngam chat, chju tai
2.3 Hé khung vom cycloid [3] trong tac dung nhw hinh vé (hinh 3).

thanh thdng dirng, vi vay ma tran do cirng ctia phan
t&r vom phéng phai dung.

777
! 2na L
# #
Hinh 3. Hé khung vom cycloid
PR . [x=alp-sing)
Phwong trinh chinh tac cua vom cycloid: 0<p<2n
y= a(l —cos q))
d axY (ayY
Taco: L= || 2| | D) _o4sin?
do dp do 2
x'S:x'—(p:—a(l_cosw)zsiﬂ2 y'S:y'—(p: asme ZCOS£
5o 2asin£ 2 5o 2atsir12 2
2 2
Ma tran dang B:
324° 16a . 2564’ B 32ma’
3EI 3EA 15E] 3EI
2 2 3 3
= [8]= [[slas = _ 8ma  32ma 8a_, 16a [HZ—EJ
0 EI 3EI 3EA  EI 45
8a 324° _ 8’
EI 3EI EI

s k, k,
Vay ma tran d6 cirng k clia phan t&r vom cycloid, v&i k 1a ma tran 6x6: k, = {k” klz} )
21 22
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Ly, —x [ U
[k“]:—[d,]j[ﬂ}]‘lds[d?]:— 0 1 0 [B]_l 01 -x :_[B]_1
0 0 1 00 1
1 0 —2ma 10 0
[k22]=—[oz,,]j[@]"ds[of}‘f]z— 01 o (B0 1 -2m
00 1 0 0 1
Ly, —x 10y, ] 10
[klz]:[dl]j[@]ilds[d;”: 0 1 0 [B]il 0 1 X1 :[B]il 0 1 -2
0 0 1 00 1 | 0 0
1y, -x, 10 y, | [1 0 -2ma
el BT af =0 1 o B0 1 Sx =0 1 o
0 0 1 00 1 100 1

0

1

[5]"

Vi du: Gia st cho hé khung vom cycloid nhw (hinh 3). Cho a=1m, P, =P, =10kN, E =210x10° (kN/m?),

A4=0.02 (M%), 7=5.10" (m*). V& biéu dd Iwc doc, lwc c&t, mdé men udn clia mdi phan tér.

Giai:

Ta c6 phuong trinh phan tr hivu han cta hé: [K U} = {F}

le Fix 0 Fix

u,| |F, ol |R,

¢ M, 0 M,
U2x F, 2x U2x 10 U2x
U,| |R, U, | |10 U,

M 0
k] % LM N — 1066} ¥

U3x F. 3x U3x 0 U}x
U3 y F3 Y U3y 0 U3 y
¢ M, ¢ 0 ¢,
U4x F4x F4l’
u,| |F, F,

O M, M,

Cac diéu kién bién: U, =U,, =¢, =U,, =U,, =¢,=0 M,=F, =F, =M;=0

Vay cac phan lwc gbi twa tai nat 1, 4 (ngam):

F. -1.0593] AN (sang tréi)

F,| |-13.5973 kN (huéng xudng)

M, 4.3330 | kNm (ngugc chiéu kim dong ho)
= F, ") -1.6831( KN (sang trai)

Fy| |3.5973] kN (huéng 1én)

M, 3.8941 ) kNm (ngugc chiéu kim dong hd)

Biéu db luc doc, lwc cat va md men ubn cla hé (hinh 4):
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A I~

AL,
P

30.3378

M (kN.m)

Hinh 4. Biéu dé néi luc hé khung vom cycloid

3. Két luan

Trén co s& ma tran [8], co thé xay dung dwoc
ma tran do cirng cho cac phan t& vom khac nhau
nhw: vom tron, vom parabol...

Vi cach xay dwng ma tran dd cirng cta phan
t&r vom tlr phwong trinh giai tich cla truc cong cé
thé s& khac phuc dwoc sai sb khi chia doan cong
thanh cac doan thang gay khuc.
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