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PHUONG PHAP PHAN TU BIEN TINH NOI LU'C VA CHUYEN VI HE
DAM TREN NEN DAN HOI THEO MO HINH WINKLER

TS. VO THI BICH QUYEN, TS. DO XUAN TUNG
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KS. NGUYEN THE THINH

Trwdng Pai hoc Ky thuat céng nghiép Thai Nguyén

Tom tét: Bai bdo trinh bay bai toan dam trén nén
dan héi bang phuong phap phén ti bién. Hé phuong
trinh giai dwoc xac dinh tir nghiém phwong trinh vi
phan dam trén nén dan héi Winkler. Tir d6 dua ra
trinh tw va thuee hién tinh noi luc va chuyén vi hé dam
theo phwong phap phén to bién.

Ttr khéa: Dam trén nén dan héi, mé hinh Winkler,
phuong phép phén to bién.

Abstract: This paper is to presents the solution of
beams on elastic foundation using boundary element
method. Based on Winkler foundation, the deflection
of the beam is solution of four-order differential
equation. Then the internal forces and displacements
of the beam system are calculated by using boundary
element method.

Key: Beam on elastic foundation, Boundary
element method (BEM), Winkler foundation.

1. Datvan dé

M6 hinh dam trén nén dan hdi I moét mé hinh
twong ddi phirc tap duoc xay dwng trén co s& tuwong
tac gitra dat nén va dam [9,11]. Viéc tim nghiém giai
tich twérng minh cho dam trén nén dan héi chi co thé
ap dung cho trwdng hgp don gian. Cac ham ndi lwc
va chuyén vi clia dam trén nén dan hdi cé thé xac
dinh theo phuwong phap giéi tich sb 1a phwong phap
phan t& bién (Boundary Element Method) [6,8].
Phuong phéap phan t&r bién [7] dwoc xay dwng trén
co s& roi rac hoa vat thé tai cac bién hinh hoc, trang
thai (ng suét bién dang bén trong phan t& dwoc xac
dinh theo phuong trinh tich phan tir bién t¢i diém
dang xét. V& mat toan hoc, phwong phap phan t
bién c6 wu diém phuong trinh gidi duoc la dwoc xay
dwng trén co s& dang manh (strong form) so vé&i cac
phwong phap sb khac nhw phan t& hivu han [10] hay
sai phan dwoc xay dwng trén co s& dang yéu (weak
form). Tuy nhién qua trinh giai bai toan bang phwong
phap phan t& bién phirc tap hon cac phuong phap

khac do can thyc hién mot sd tha thuat toan hoc dé
xay dwng phwong trinh dai sb xac dinh cac théng sb
bién. Bai bdo dwéi day sé trinh bay néi dung chi tiét
cach tinh ndi luc va chuyén vi trong hé dam trén nén
dan hdi theo phwong phap phan tr bién.

2. Co s& ly thuyét tinh ndi lwc va chuyén vi dam
trén nén dan h6éi mé hinh Winkler bang phwong
phap phan tir bién
2.1 Phwong trinh vi phan dwong dan héi theo mé
hinh Winkler [1,5]
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Hinh 1. Dam trén nén dan hdi theo mé hinh Winkler

Phwong trinh vi phan lién hé ham chuyén vi y(x)
doc theo truc x va tai trong q(x) dam trén nén dan héi
(hinh 1) theo mé hinh nén mét théng sb Winkler co
dang:

v 4 _alx) . k
v () aaty ()= 900 5 g )

V6i: El 1a d cirng chiu udn cla mat cat ngang; k
|& hé sé nén;

2.2 Thiét Iap ham néi Iwc va chuyén vi

Ham chuyén vi duoc xac dinh nghiém phuwong
trinh vi phan thuan nhat [3] va nghiém riéng la ham
cla tai trong tac dung q(x). D& biéu dién tinh gian
doan cla ham tai trong str dung ham [12] delta Dirac
— & va ham don vi Heviside — H va quy wéc dau “+”
nhw sau:
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0, khi x<a

;H(x-a)={’ S (2

1, khi x>a

0, khi x<a
(x-a). |
x-a, khi x>a
Ham tai trong dwoc biéu dién dwdi dang:
qy(x)=P6(x-xp)+M6'(x-xM)+q[H(x-xq1)-H(x-xq2)] (3)

Nghiém clia ham chuyén vi va cac dao ham dwoc xac dinh phu thudc vao cac théong sé ban dau va tai trong
tac dung nhw sau:

ELY(x) A(x) Ay(x) -A;(x) -A,(x)|[EN(0) B, (x)

Elo(x)| _| As(x) A(x) -A,(x) -As(x) EI(p(O) B, (x) )
M(x) Ag(X) -As(x) Ai(x) Ay (x) || M(0) -B, (x)
Q(x) Ar(x) -As(x) As(x)  Ai(x) || Q(0) -B, (x)

Trong dé:
@(x), M(x), Q(x) — ham géc xoay, mé men ubn va lyc cat ngang cé mdi lién hé véi ham chuyénvi :

Y _ o d’y _ M(x).d’y _ Q(x)
dx ‘x> El 'dx®  El

chax.sinax + shax.cosax A (ax) = shax.sinax
20 e 20°

A,(ax)=chax.cosax; A, (ax) =

chax.sinax - shax.cosax
4a°
A4 (ax) = -2a’shax.sinax; A, (ax) = -2a® (chax.sinax + shax.cosax )

B, (x) =M.A,[a(x- Xy, ), ]+ P.A,[a(x - X )]+ af Ag(x-Xg,), - Ag(X-Xg,), |
B, (x) = M.A,[a(x - X,),]+P.A,[a(x- X, )] + Q[ A, (X - Xgy), - Ay (X-Xg), |
B, (x) =M.A [a(x- Xy, ), ]+ P.A, [a(x - X )]+ af Ay(x-Xg,), - Ag(X-Xg,), |
o (X) =M. {-4a* A, fa(x - x), 1} + PA o0 X )1+ Q[ A= X ), - Ay (X-Xg,), |
Viét (4) dwdi dang rat gon: Y(x)=A(x)X(0) +B(x) (5)

A, (ax)= ;As(ax) =-a(chax.sinax - shax.cosax
4 5

Trong dé: Tai bién x=L hé (4) tr& thanh hé phwong trinh dai
sb v6&i cac an sb la thong sb ndi lwe va chuyén vij tai

Y(x) - ma tran c6t ham chuyén vi va ndi luc doc ) . DA
bién cla phan to.

theo truc thanh (vécto trang thai ctia thanh); . .
3. Xay dwngtrinh tw tinh ndi lwc va chuyén vi dam

A(x) - ma tran vudng nghiém co ban ctia phwong trén nén dan hdi [4]

trinh vi phan thuan nhét; :
Buwérc 1. Roi rac héa hé thanh céac phan to

X(0) - ma tran cét chuyén vi va noi luc tai diém cé

g N Chia hé theo bién hinh hoc thanh m cac phan to
toa dé x=0 (vécto théng sO ban dau);

dwoc lien két véi nhau béi cac nat. Panh sb nut va
B(x) - ma tran cot ham chuyén viva ndilwc dotdi  mii tén chi huéng xac dinh bién dau va cudi mébi

trong tac dung doc theo truc thanh (vécto tai trong); thanh (hinh 2).
i P iPz i Ps
1
Ao 1 2 3 4

Hinh 2.Rdi rac héa va dénh sb nut phén ti

Buwéc 2. Thiét 1ap hé phwrong trinh xac dinh trang thai cda hé.
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Hé phuwong trinh trang thai ctia hé dwoc lap bang cach ghép ndi phwong trinh trang thai (4) cda tirng phan

tlr theo thr tw r&i rac hda da thwe hién & bwoc 1.

Y, (x)] [A(x)

X,(0) B, (x)
X(0) }+{B(x) ®
A ()] [%,0)) (B, (x)

Buéc 3. Thiét Iap hé phurong trinh dai sé xéc dinh cac théng sé bién cla céc phén tir.

Hé phwong trinh dai s6 dwoc xay dung trén co s& thay cac gia tri toa dd bién x=0 va x=Il ctia méi phan tl

vao hé phuong trinh (6) va nhan duoc:

Y (1)=A(1)X(0)+B (1) = A(1)X(0)-Y ()= -B())

Céc an sb can tinh 1a ndi lwc va chuyén vi bién
clia cac phan trndm trong hai ma tran X(0) va Y(l).
Dé dwa phuwong trinh trén vé hé phuong trinh dai sb
tuyén tinh can gan cac diéu kién bién tinh hoc va
hinh hoc vao cac phan t&. Sau d6 thuc hién cac tha
tuc toan hoc dé loai bd cac 4n sb bang khong va di
chuyén cac an sb khac khéng tir véc to Y(l) sang
X(0) nhan dwoc hé

(7)

A*(1)X*(0,1)=-B(l)
Buéc 4. Tinh néi luc va chuyén vi cda dédm

(8)

Giai hé phwong trinh (7) tinh néi lyc va chuyén vi
bién cliacac phan tir. T d6 xac dinh dwoc ham noi
lwc va chuyén vi ctia mdi phan t&r theo (4) hodc ca hé
theo (6).
4.Trinh tw tinh néi lwc va chuyén vi dam trén nén
dan hoi

M
]Pl < le 3
) =
AATR A Y A RAR AR QAR RNAR Nk
L2 | L2 Laf3 L2f3 L2/3 L33 L3/3 L33 b
I U BN REANER TR
L1 L2 L3

Hinh 3. So dd vi du tinh dam trén nén dan héi

Thwe hién vi du tinh ndi lwc va chuyén vi cho
ddm trén nén dan hdi nhw trong hinh 3. Biét:
L1=10m; L,=45m; L3=15m; P,= 100kN;
P,=150kN; M=200kN.m; q=10kN/m; k=1.10"
kN/m® E=2.10" kN/m? cac doan dam co tiét

dién: by=1,0m; h;=0,8m; by=1,5m; h,=1,0m ;
bs=1,0m; h3=0,4m.
Trinh tw tinh ddm theo phwong phép phan t& bién

duwoc thire hién theo cac bwéc trinh bay tai muc 3.
a. Roirac hoa hé thanh cac phan ti (hinh 4).

W

i oy

01

|
2.4, 3

Hinh 4. Roi rac héa va danh sé nit phan tir

b. Thiétlap hé phwong trinh xac dinh trang thai (6) cGa hé:
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ELYOs | [AMor  AMlor Aoy AXos| O 0 0 0o ! 0 0 0 0 [EhYO)k| |BiX)
ELOMor | | Aoy AXps Aoy AKp, ! 0 0 0 0 I 0 0 0 0 ||EL®O)| |ByX)
M(X),., Aoy AKos Ay A, | 0 0 0 0 1 0 0 0 0 M(0),., By (X)o4
Q(X)o.1 Aor AsWos Aoy Ay | O 0 0 0 1 0 0 0 0 Q(0)y4 By1(X)o-1
ELy®..| | O 0o o 0 1AM, AM, AWM. AKX, 0 0 0 0 [|ELYO),| B X,
EL.oXx),|_| O 0 0 0 | Az Az A, -AK(X)ui 0 0 0 0 EL-¢(O0)., | , | Bx(X)2
MKy, [ | O 0 0 0 [ AM, AK: AKL AX, 0 0 0 0 || MO, | [By@k.
Q). 0 0 0 0 AM, AWK, AK, AKX, | 0 0 0 0 || Qo) | |Bui,
Ehy®m| | O 0 o o 0 o0 0 TAMn A AWk AW |[ELy0hs | |Br(Xhs
El,.9(X),.5 0 0 0 0 i 0 0 0 0 3A5(X)2'3 A1(X)2'3 -AQ(X)H -A3(X)?*3 El,.9(0),.5 B1(X)z-5
M(x),.5 0 0 0 0 i 0 0 0 0 i'As(X)zrs Ay AX)s Ag(X)s M(0),., B,(X),.5
QX),.5 0 0 0 o | 0 0 0 0 1AM AsXs As(Xps  AX)ps Q(0),., B,,(X),.5
c. Thiétlap hé phuong trinh dai s6 xac dinh cac théng sb bién clia cac phan tir
Thay céc gia tri toa do bién x=0 va x=I ctia méi phan tlr vao hé phwong trinh va hoan ddi nhan duoc (7).
(AGe: Al AWy Al O 0 0 0! o0 0 0 0 7[ELYOk:] [ELy(hi] [Biles |
Aor Al Ay Alls! 0 0 0 0 1 0 0 0 0 ||EhoQ)| [ELol), Bai(lo-
A Ao Al A, | 0 0 0 0 10 0 0 0 M(0), M(0)s.. By(1)o.1
Al Ay Ao Aoy | O 0 0 0o 1o 0 0 0 Q). Q). Byy(o.1
0 0 0 0 [AD: Ay Ab. Ab.i 0 0o o 0 ||ELYO);| [ELy(),| |B0
0 0 0 0 i As(')w-z A1(|)1-2 'Az(|)1-2 'A3(|)1-2 i 0 0 0 0 EIz-‘P(O)w-z Elz- |)1-2 _ Bzw(l)w-z
0 0 0 0 [AD Al ADn Al.l O 0 0 0 || MO, [] M, [ By
0 0 0 0 AN, Ab, Alh, A, | 0 0 0 0 Q(O),., QX),., By(:,
o 0 0 0 [ 0 0 0 0 [Als Al Al Alks||Ehy0)| Byl |Ban
0 0 0 0 i 0 0 0 0 i Aoy All)s Aoy Al El,.9(0),5| |EL.@(),5 B,,(1),.5
0 0 0 0 i 0 0 0 0 i Aol Al All)s All)s M(0),_, M(),. B, (1),.5
L 0 0 0 0 ; 0 0 0 0 ;'A7(|)2-3 'As(l)z-s As(l)z-a Aw(l)z-s_ Q(O)2_3 Q(|)2_3 _B41(|)2_3_

Gan cac diéu kién bién tinh hoc va hinh hoc vao
X(0) va Y(I). Ttr d6 thiét 1ap cac ma tran A* va X* theo
quy téc:

- Loai bd cac hang cé gia tri bang khoéng trong
X(0) va Y(l). Khi loai bd hang the i” co gia tri bing

R

khéng cua X(0) cho toan b cot thr "i” cia A(l) gia tri
bang khéng. Trong bai toan dang xét cac théng sb
El1y(0)o-1, El1¢(0)o-1, EL2y(0)1-2, Elay(0)23 hang 1, 2, 5,
9 clia X(0) c6 gia tri bang khéng, do dé gan gia tri

toan bd cot 1, 2, 5, 9 ctia A(l) gia tri khdng.

- Chuyén ghép céc thong sb khac khong tor Y(1)
sang X(0), bao gém:

Tap chi KHCN Xay dung — sb 2/2017

+ Céac thong s6 doc 1ap Q()os, Q)2 M)z,
Q(I),-3 chi ¢6 trong Y(l) chuyén sang cac hang c6 gia
tri bang khong trong X(0) (danh diu bang mdii tén
dudng thang lién nhw hinh dudi);

+ Céc thdng sb khong doc 1ap Elig(l)o.1, M(1)o-1,
Elo@(l)1.2, M(l)1.2 dwoc ghép chung véi cac théng sb
lien hé trong X(0) (danh dau bang mii tén dwéong
thdng dut nét nhw hinh dwéi);

+ Khi chuyén déi va ghép ndi cac théng sb tw
hang th& ”i” cta Y(I) sang hang tht "k’ X(0) can bd
sung cac hé sé bu vao sb hang A tai hang ”i” va cot
"k” clia A (cac sb6 hang dwoc chi mii tén nhw hinh
duwéi).
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) <
00 Ay, -A) 30 0 O 0 30 0 0 0 (EL. y(0)01-0L El.y(l),, =0 1
00 'A2(|)0-1 'A3(|)01 }0 0 0« 0 }0 0 0 0 EL. (P(o)m E!1-(P(I)o-1=EI1-(P(|)1-2 2
| | .
040 Ay, A, 10 0 0 0 10 © 0 0 MO), L M), =MO),, |3
00 Aoy Ao, 10 0 o 0 10 0 0o ! 0 ||__QO%: gl QMo 4
00 0 0 30 AW, A0, A0, i 0 0£ 0 0 EL.y(©0),, ,O | EL,.y(l),, =0 5
00 0 0 10 A Al AD,0 0 Oz 0 || ELoO)y (|HEL@:,=ELw()q| 6
00&£ O 0 30 'A5(|)1-2 Al A0, 30 0 0 0 M(©),, L M(|)1-2=M(0)23 7
00 0 0 10 AW, A, A, 0 0 0 0 Qo) L Qb 8
——— o= ——————————————————————— === o~ ———————————————— —||=——==—== -l |-----——————————— —
00 0 0 ;0 0 0 0 ;0 A, A, AL, EI3 y(0),. -—;Q ElL.y(),, =0 9
00 0 0 10£ 0 0 0 10 Al Al Al || EL0O)y EL-(),,=0 |10
00 0 0 30 0 0 0 iOZ'As(I)z-s A1(|)2-3 A (|)2-3 M(O)z-s M(|)2-3 11
00 0 0 {0 0 0 0 10 Al Al Alhs | QO)s Q) 12
Nhan duoc két qua:
Q(1)o.4
Q1) 0 0 Ay, Al !0 0 0 0 !0 0 0 0 ]
M(0),., 00 Al Al,!0 A8 0 0 10 0 0 0
| |
Q(O)o_1 0 0 At Ao ! 0 0 -1 0 ! 0 0 0 0
M(),., 10 Ay, A, 10 0 0 0 Jo 0 0 0
00 O 0 10 AW, AW, A, 0 0 0 0
* El,.9(0),., ! !
X*(0,1)= M(0) A¥— 00 0 0 i 0 Al A -Asl)z i 0 L/, 0 0
2 00 0 0 } 0 'A5(|)1-2 A1(|)1-2 Az(l -2 } 0 0 -1 0
| |
QO 01 0 0 [0 AN, A, AD,10 0 0 0
,,,,,,,,,,,,,,,,,,,,, | - Tlethe Tsvhe ThVhe i M
Q(1),.5 00 0 0 | 0 0 0 0 ! 0 Als -Asl)as -Asll)s
El,.9(0),., 00 0 0 10 0 0 0 10 Alhs Al Ay
M(0),., 00 O 0 i1 0 0 0 10 Al Al A
Q(0)2 s _0 0 0 0 ; 0 0 0 0 ; -1 Ae(l)z-s As(l)z-s A1(|)2-3 J
Thay céc s6 liéu vao nhan duoc hé phwong trinh (8):
) 0 1474 1439 0 0 0 0 0 0 0 o | Q. 25967
0 0 07 34,2 0 0,34 0 0 0 0 0 0 Q) 780
0 0 3,5 0,7 0 0 -1 0 0 0 0 0 M(0),., 9305
-1 0 A7 3,5 0 0 0 0 0 0 0 0 Q) 7574
0 0 0 0 0 35337 -131366 -75495 0 0 0 0 M(), 51569
0 0 0 0 0 2207 -3533,7 -233606! O 23,58 0 0 EL®(Q),, | _ | 315940
0 0 0 0 0 302 2207 35337 0 0 K 0 (0), [ |-240769
0 -1 0 0 0 93,4 302 2207 0 0 0 0 QQ),, 91169
0 0 0 0 0 0 0 0 0 1197 5845 9741 Qs -1137003
0 0 0 0 -1 0 0 0 0 1842 197 2291 ||EL.g(0),, 111425
0 0 0 0 0 0 0 0 0 919 1642 1197 || mO),, 469466
| o 0 0 0 0 0 0 0 -1 21,6 919 1642 || Qo),, -345990

Budc 4. Tinh ndi luc va chuyén vi clia hé.

Giai hé phuong trinh xac dinh dwoc cac an sb bién va thay vao (6) nhan duoc:
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EI1 'y(X)W A1 (X)071 A2 (X)0—1 'A3 (X)0,1 'A4(X)o—1 } 0 0
ElL-@(X).1 As(®or  AXhs Ao AgX)o-y i 0 0
M(X),.4 Agr Aoy Aoy AyXos 3 0 0
Q(X)l” 'A7(X)0—1 'Ae (X)0—1 As (X)of1 A1 (X)of1 i 0 0
ELY®,| | 0 o 0 0 AR, AM,
BoW.| | 0 0 0 0 [A® AR
M(X)1 -2 B 0 0 0 0 i 'As (X)w 'As (X)172
Q.. 0 0 0 0 1AM, A,
EI3'y(X)2—3 77707 7777777 6 7777777 6 7777777677773 0 0
ELoX,, | O 0 0 0 0 0
M(X),.5 0 0 0 0 i 0 0
QX),.4 0 0 0 0o | O 0

Céc biéu d6 ndi lwc va chuyén vi thé h

x 10
3
2F 4
T /\ 1
0 I-"--.,
c
e 4l
=
&)
2+
a3t A
41 4
5 1 1 1 1 1 1
0 10 20 30 40 50 60 70
Do dai dam (m)
100
su\
0 /\ /\ [.\
g
£
E
50k
-100
450 . . . . .
0 10 20 30 40 50 60 70

Do dai dam (m)

ién trong hinh 5.

0 0o ! o0 0 0 o [ o [Byy(X)o.s
0 0o I o0 0 0 0 0 By1(X)o-
0 0 1 0 0 0 0 136 | | B
0 0o 10 0 0 0 173 | | Ba®a
'A3 (X)w 'A4(X)1,2 i 0 0 0 0 0 B11(X)172
'Az(x)w 'As(X)w i 0 0 0 0 -863,3 + Bz1(X)172
Ao A, O 0 0 0 -49,6 By (X
A, AR, O 0 0 0 42,6 B,,(X);.,
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, S
0 0 1 AKLs AfXps AsX)s AyX)s 0 Bi1(X),.5
0 0 i AX)s  AX)s AX),, -AyX),, |[-30328,6 B,:(X);.5
0 0 i AsXs As(Xs AXs  AyX) |[-16042,5 B,(X),.5
0 0 P AXos Az As(Xhs AR i 13353,0 B, (X),.5
. 107
05F
. - N
o]
&
Ak
A5F
2 . . . . . .
0 10 20 30 40 50 60 T0
Do dai dam (m)
80
80 B
40 B
20 /\ i
TE 0 |/
20 i
40 \ i
S0} .
80 . . . 1 \ .
10 20 30 40 50 60 70

Do dai dam (m)

Hinh 5.Biéu dé chuyén vj va néi luc dam

4. Nhan xét

S dung phwong phap phan t&r bién tinh dwoc
két qua la cac ham ndi luc, chuyén vi trén dam.
Céc phtrc tap v& mat toan hoc trong qua trinh giai
c6 thé khéc phuc bang cach sl dung céac phan
mém lap trinh. Trong [2] tac gid da viét cac
chwong trinh tinh néi lwc va chuyén vi dam trén
nén dan hoéi bang phan mém Matlab. Cac két qua
ndi lwc va chuyén vi bang phwong phap phan to
bién hoan toan trung khép véi két qua gidi tich
trong tai liéu Strc bén vat liéu [1]. Tuy nhién néu

Tap chi KHCN Xay dung — sb 2/2017

so sanh v&i két qua tinh bang phan mém SAP ¢6
chénh léch do phwong phap phan t& hiru han la
phuwong phap gan dung. C6 thé thdy s dung
phwong phap phan tl bién tinh ndi lwc va chuyén
vi dam trén nén dan hdi Winkle da két hop duoc
wu diém clha ca hai phwong phap la gidi tich va
s6.
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